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We consider the nonlinear dynamics of multiwavelength laser cavities with saturable transmitter and satu-
rating homogeneous gain using a simple and general discrete model. Saturable transmitter is an intensity de-
pendent loss in which the transmittance decreases when the incident optical power increases. We determine
the condition under which the saturable transmitter will generate behaviors such as stable steady-state las-
ing states, periodic lasing states, and chaotic lasing states. Indeed, for sufficiently large power, steady-state
operation is first destabilized through a Hopf bifurcation which generates periodic lasing solutions. This is fol-
lowed by a sequence of period doubling bifurcations to chaotic lasing. The bifurcation structure leading to
chaos is characterized by three key methods of dynamical systems: a Feigenbaum series, the calculation of
Lyapunov exponents and the computation of the correlation dimension of the system. We found that even
single wavelength operation can exhibit complex nonlinear dynamics if the loss element is a saturable
transmitter.

© 2012 Elsevier B.V. All rights reserved.
1. Introduction

It is known that an intensity dependent loss (IDL) in a laser cavity
is a critical and primary component for inducing stable multiwave-
length CW or mode locked laser operation with homogeneous gain
medium. In the context of mode-locked laser cavities, the IDL is also
commonly referred to as saturable absorption or intensity discrimina-
tion [1,2]. Thus the engineering of many mode-locking schemes in-
variably revolves around simple and efficient methods for
generating IDL [3-9]. Such IDL mode-locking schemes can be passive-
ly generated using nonlinear polarization rotation in a ring cavity
laser, nonlinear interferometry in a figure eight laser cavity, and
quantum saturable absorbers, waveguide arrays or SESAMs in a linear
cavity configuration. In the context of continuous wave (CW) lasers
with homogeneous gain, the IDL required is saturable transmission
which shows lower transmittance with larger incidence power. Satu-
rable transmission IDL plays a key role in allowing for multi-
wavelength laser operation [10,11]. IDLs such as those generated
from a nonlinear fiber loop mirror (NOLM) and/or a nonlinear polar-
ization rotator (NPR) have periodically oscillating response curves
and therefore exhibit both saturable absorption and saturable trans-
mission characteristics depending on the power of the incident light
and setup adjustment. Both NPR and NOLM have been used in cavities
with homogeneous gain to generate stable multiwavelength CW laser
852 23628439.
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operation. Thus the concept of IDL is both relevant for pulsed (mode-
locked) lasers and multi-wavelength CW operation. Indeed, saturable
transmission in multi-wavelength CW operation is the dominant
physical mechanism in the operational characteristics of lasing, deter-
mining its stability, dynamics and bifurcation structure.

The nonlinear dynamics of laser cavities has attracted a great deal
of scientific interest since the early work on optical bistability by
Ikeda and Hopf [12-14]. Indeed, chaotic behaviors are commonly ob-
served in many standard semiconductor and fiber based laser systems
[15-29]. The chaotic lasers have been proposed to be used in optical
communication systems to provide security [30-32]. Such nonlinear
dynamics in mode locked lasers was explored in the context of the
complex Ginzburg–Landau equation (CGLE) [33] before being exper-
imentally observed. The CGLE is successful in modeling the formation
and nonlinear dynamics of pulses in the mode locked cavities. But
since the CGLE model is based upon the assumption of small round
trip variations in the mode-locked pulses, it lacks the ability to cap-
ture the full nonlinear dynamics generated by the discrete nonlinear
cavity elements and their nonlinear response curves such as the peri-
odically oscillating response curves of NOLM and NPR. To characterize
the nonlinear dynamics in full range of the response curves, we have
proposed to use a discrete iterative model to investigate the pulse en-
ergy evolution in the mode locked lasers [34,35]. We have successful-
ly captured the major nonlinear dynamics including period doubling,
chaos and multi-pulse transition in mode locked lasers which can
greatly aid the understanding of the cavity dynamics. Success in de-
scribing the IDL phenomenon in mode-locked lasers has led to the
consideration of the role of IDL in the context of multi-wavelength
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Fig. 1. Schematic diagram of a multiwavelength ring cavity laser.
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CW lasing. With CW lasing, the dominant roles of dispersion and non-
linear phase shifting in the CGLE are irrelevant for CW signals. Indeed,
the nonlinearity in NOLM and NPR cavities can be represented by a
simple transmittance function without considering the pulse shape
evolution.

In the case of CW multi-wavelength lasing, the discrete model
constructed here allows for an evaluation of the stability and operat-
ing regimes of such a system [10,11]. Note that the discrete model
used in refs. [35-37] to model the multiwavelength laser is different
than previously considered [34,35] for the mode locked lasers. With
the CW model for multiwavelength lasers, an ideal comb filter in
the cavity is assumed to set the lasing channels corresponding to ex-
periments [10,11], and the lasing channels are assumed incoherent
due to the well separated spectrum. In Refs. [35-37], it has been
shown that if the output–input response curve of the IDL contains
at least one turning point, the operation of the laser near the turning
point of the response curve can lead to an ultra-flat output power
profile. We will show in this manuscript that when the operation
point of the laser passed beyond the turning point of the output–
input response curve, the laser can exhibit complex nonlinear dy-
namical behaviors. The analytic method used here characterizes this
behavior from a dynamical system perspective. Indeed, the strength
of the current manuscript is in highlighting the simple iterative inter-
action of IDL with cavity gain. In combination, and with no feedback,
these two effects yield an enormously rich set of dynamics that are
amenable to analytic study. Indeed, a full bifurcation structure is pro-
duced with the various instabilities rigorously characterized via Lya-
punov exponents. Thus the primary tools used for dynamical
systems theory is brought to bear upon the discrete laser cavity
model considered here.

The contribution of this manuscript is to provide a simple and gen-
eral physical description of the nonlinear laser dynamics with inten-
sity dependent loss. The paper is organized as follows. In Section 2,
we show the general laser model used to study the dynamics of lasers
with homogeneous gain and intensity-dependent loss. In Section 3,
we consider single wavelength operation which is applicable to
mode-locked lasers or a single CW channel. Different working states
of the lasers with monotonic saturable transmitter, Gaussian type
IDL and periodic IDL are discussed. We show that the laser can expe-
rience steady, periodic and chaotic states for Gaussian and periodic
IDL. In Section 4, we study the nonlinear laser dynamics with multi-
wavelength lasing. We show that the laser will show similar but
more complex behavior compared with the single wavelength
scheme. Section 5 concludes the paper with a summary and outlook
of what the modeling can provide in terms of thinking about laser
cavity design and engineering.

2. Theoretical model

The analysis and simulations performed in this manuscript are
based upon a cavity scheme similar to Ref [37] as shown in Fig. 1.
The definitions and assumptions for the components such as coupler,
filter in the cavity are also similar to Ref. [37]. The gain element con-
sidered has a saturating gain behavior consistent with a true physical
device. Moreover, the parameters considered in the simulations of the
manuscript are chosen to be in physically realistic regimes. Given the
tremendously broad parameter space, the results are simply repre-
sentative of the potential behavior. The laser cavity can be modeled
as:

dPi

dz
¼ g0f i

1þ Ph=Psat
Pi; ð1Þ

where Pi is the power of the i-th wavelength. The normalized gain co-
efficient g0 is defined by g0,rLr, where g0,r is the physical gain coeffi-
cient and Lr is the actual fiber length. The parameter fi is the
normalized gain profile. In simulations, the gain medium length is
normalized to 1. The saturating power of the gain medium is given
by the parameter Psat. For a homogeneous gain, all channels will
share the inverted population of carriers in the gain medium so that
Ph=∑ iPi. If the gain is inhomogeneous, which means the homoge-
neous bandwidth is less than the channel spacing, the channels act in-
dependently of each other and are only affected by their individual
power so that Ph=Pi. The gain of the entire amplification medium is
defined as:

Gi PI
i

� �
¼ PII

i =P
I
i: ð2Þ

Three types of loss elements are considered in the following
simulations:

(a) Ideal saturable transmittance
An ideal saturable transmitter is an intensity dependent loss in
which both its transmittance and the rate of change of the
transmittance decrease when the incident optical power in-
creases. As a result, the loss of an ideal saturable transmitter
has a monotonic saturable response of the form Pout–Pin. Here
we modeled the ideal saturable transmitter by the governing
equation:

PIII
i ¼ Ti PII

i

� �
PII
i ¼ T0

1þ γPII
i

PII
i : ð3Þ

The dash-dotted curves in Fig. 2 give the transmittance (lower
diagram) and Pout versus Pin curve (upper diagram) of the ideal
saturable transmitter. Note that both the transmittance and the
Pout–Pin curve show monotonic response. With very large Pin,
the Pout will approach the constant value T0/γ. We note that
this model is the standard first order approximation for any
type of intensity dependent loss. The corresponding differen-
tial form of the loss is:

dPi

dz
¼ − α0 þ α1Pið ÞPi: ð4Þ

If α1=0, then the loss is a constant loss that is standard for CW
lasers.

(b) Gaussian saturable transmittance
In general the rate of change of the transmittance of a saturable
transmitter does not decrease monotonically with the incident
optical power. Thus the Pout–Pin curve of general saturable
transmitter type intensity dependent loss is not monotonic
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Fig. 2. The transmittance function (lower diagram) and output power versus input
power (upper diagram) response of different intensity dependent loss. The black
dash-dotted curves represent ideal (monotonic) saturable transmitter. The blue
dashed curves represent saturable transmitter with Gaussian transmittance. The red
solid and dotted curves are for the intensity dependent loss with periodic transmit-
tance. The red solid and red dotted curves represent the saturable transmitter and sat-
urable absorber regions of the periodic IDL respectively as marked by the vertical green
lines.
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either. For illustration purpose, we model the transmittance of
the saturable transmitter by a Gaussian function, i.e.

PIII
i ¼ Ti PII

i

� �
PII
i ¼ T0e

−γ2 PIIið Þ2PII
i : ð5Þ

Note that as the incident optical power increases, the Gaussian
transmittance decreases monotonically, but the rate of change
of the transmittance first decreases, reaches a minimum, and
then increases again. More important, there will be a single
peak on the Pout–Pin curve as shown in Fig. 2 (dashed curve)
and Pout approach zerowith large Pin.We have chosen a Gaussian
transmittance to demonstrate how a peak, or a turning point, on
the Pout–Pin curve can significantly alter the laser dynamics.

(c) Periodic transmittance
Most common components used to produce IDL in laser cavi-
ties are based on nonlinear polarization rotation or a nonlinear
optical loop mirror which has a periodic transmittance that can
be modeled by:

PIII
i ¼ Ti PII

i

� �
PII
i ¼ aþ b cos γPII

i þ φ
� �h i

PII
i ; ð6Þ

where a and b are the mean value and the modulation depth of
the transmittance of the IDL which should satisfy a+|b|≤1
and a≥ |b|. The normalized nonlinear coefficient γ is propor-
tional to the fiber nonlinearity and fiber length. The phase
shift φ can be adjusted by the wave-plate angles or the polari-
zation controller states in experiments.
The solid and dotted curves in Fig. 2 show the transmittance
(lower diagram) and Pout–Pin curve (upper diagram) of periodic
transmittance. This model will not have a monotonic rate of
change of transmittance when Pi

II increases. The Pout–Pin curve
has many peaks. Thus the model exhibits both saturable trans-
mission (solid line) and saturable absorption (dotted line) char-
acteristics. However, the response of periodic loss can be well
approximated by the Gaussian saturable transmitter when the
power is not large enough to push the working point of the
laser to the second period of the transmittance curve. Fig. 2 dem-
onstrates the periodic loss curve (solid line) generated by this
model as well as the close match to the Gaussian response
curve for intermediate power levels.
3. Dynamics with a single wavelength

To begin the analysis, the simplest case of interest will be consid-
ered. Specifically, the first laser cavity to be considered is one for
which only a single channel is supported. Thus a band pass filter is
inserted into the cavity allowing for only one channel of operation.
For this case, the cavity gain is considered to be homogeneous. If
the gain is inhomogeneous and the channels are separated by a suffi-
cient amount, the analysis can be extended to consider a multi-band
filter. In such a case, the analysis will suit this assumption because
the power will not couple between different channels defined by
the filter. Further, since the power will not couple via the loss ele-
ment, we can simulate the laser dynamics in the whole cavity for
every channel separately.

The analysis presented is an iteration scheme based upon the key
physical effects of gain and loss in the cavity design of Fig. 1. This iter-
ation scheme has been used previously [34,35,38] to model the multi-
pulsing transition of mode-locked lasers. In the context of mode-
locking, the remaining physical effects arising from dispersion and
self-phase modulation are assumed to balance at leading order
[34,35,38]. In the iteration procedure, the cavity energy is generally
assumed to build up from noise and small initial fluctuations in the
cavity. The generic iterative algorithm describing the laser dynamics
is implemented as follows:

(i) An initial signal field is passed through the amplification
medium.

(ii) The output of the amplifier is inserted into the IDL loss
component.

(iii) The signal field then passes through the output coupler and
bandpass filter. In this case, the constant losses associated
with these two components are folded into the IDL component
(ii). Thus these two components do not play a role in the iter-
ative process.

(iv) The signal field is once again inserted into the amplifying me-
dium in (i) and the process is continued.

The above iteration scheme is made nonlinear by both the gain
medium and the saturable transmitter component. We will show
that the interaction of the saturable transmitter and the saturable
gain can give rise to a host of complex nonlinear dynamical behavior
including steady-state, periodic and chaotic states even for single
wavelength operation. Indeed, the iteration scheme and its behavior
is analogous to the behaviors exhibited by the simplest nonlinear
equation under iteration, i.e. the logistic equation [39,40].

In the subsections that follow, the three key IDL models presented
in Section 2 will be addressed. In each case, the characteristic dynam-
ics are addressed and explored.

3.1. Monotonic nonlinear loss (ideal saturable transmitter)

The simplest nonlinear loss is the first order approximation to sat-
urating loss as given in Eqs. (3) and (4). This model represents a
monotonic Pout–Pin response curve. Fig. 3 shows the output power
versus the input power for the loss element, i.e. Poutl (Pinl ), and the
input power versus the output power for the gain element, i.e. Ping (P-
out

g). Specifically, Fig. 3(a) shows the power evolution under the iter-
ative mapping dynamics with the saturable gain defined in Eq. (1)
and constant loss defined in Eq. (4) with α1=0. The previously dis-
cussed iteration scheme is then used to quantify the dynamics. After
several iterations, the signal power will converge to the intersection
point of gain and loss curves. If the laser is initiated from a large
power fluctuation, the signal will decrease with iteration and go to
the intersection point as well. In simulations, the small signal gain is
30 dB and saturation power is 0.1 W. The constant loss is 0.4 so that
the transmittance of the loss element is 0.6.
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tions in the iteration process for (a) constant loss and (b) ideal saturable transmitter.
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Fig. 3(b) show the dynamics with the ideal saturable transmitter
defined in Eq. (3) with T0=0.9 and γ=1.0 W−1. Just as with the con-
stant loss case, the laser will go to the steady state solution at the in-
tersection point of the gain and loss curves regardless of the initial
values of the power.

To estimate the stability of the steady state solution given by the
intersection point of the gain and loss curves, we can use the amplifi-
cation factor defined as:

ξ ¼ dPg
out

dPg
in

dPl
out

dPl
in

�����

�����: ð7Þ

The solution will be stable if the amplification factor ξb1 at the in-
tersection point [41]. As a consequence, in a laser cavitywith inhomoge-
neous gain and constant loss, all channels those have a small signal gain
larger than the loss will grow and have stable laser output. As for the
nonlinear loss, the loss curve has a decreasing slope since it is effectively
a saturable transmitter. Thus the slope of the loss curve at the intersec-
tion point will be even smaller than that at small signal, i.e. the
intensity-independent part of nonlinear loss. This implies that ξb1
and the first case of IDL, i.e. ideal saturable transmitter, considered in
Section 2(a) provides a stable lasing scenario. Note that due to the de-
creasing slope of the loss curve, the laser will iterate to the steady
state faster than with a constant loss. Moreover, the laser will generate
a smaller output signal than with a constant loss due to the larger loss
induced by the nonlinearity (saturation) of the loss element. Thus a
monotonic nonlinear loss and inhomogeneous gain will lead to stable
multiwavelength laser operation with more than one channel.

3.2. Saturable transmitter with Gaussian transmittance

When the Pout–Pin response curve of loss element is not monoton-
ic, the behavior of laser will be more complex. For instance, when the
loss is in the form of Eq. (5) so that the loss saturation curve turns
over due to, for instance, higher order effects in the laser cavity
such as 2-photon or 3-photon absorption, the loss takes on the gener-
ic Gaussian curve of Section 2(b). For the Gaussian transmittance as-
sumed, the loss is a fixed curve with T0=0.9, and γ=0.5 W−1. The
gain element has a small signal gain of 30 dB. As for the laser output
with nonlinear loss, there are several parameters in the model that
can greatly affect the output. Specifically there are three parameters
T0, g0 and Psat that affect the laser output and its stability. In what fol-
lows, we vary the saturation power to discuss the different character-
istic behaviors that can result. Fig. 4 gives a graphical summary of the
specific cases considered here.

3.2.1. Steady state operation
With a small saturating power Psat=0.05 W, the intersection point

of the gain curve and loss curve is located on the rising edge of the
loss curve. Such a scenario is very similar to the condition of amonoton-
ic loss because Eq. (5) can be approximated by Eq. (4) in this small sat-
uration power assumption. Thus it is expected that a stable steady state
lasing powerwill be achieved. Indeed, Fig. 4(a) depicts this scenario and
the resulting iteration convergence to the steady-state lasing solution.

When we increase the saturation power Psat, the gain curve will
shift towards larger Pout. The result is that the intersection point of
gain and loss curves will move further along the fixed loss curve. At
a sufficiently high value of Psat, as shown in Fig. 4(b) for
Psat=0.2 W, the intersection point will be located on the falling part
of the Pout–Pin loss curve. This means that around the intersection
point, the loss element will output lower power with a higher input
power. Even with the drop off in the loss curve, the steady state at in-
tersection point can still be stable if the amplification factor ξb1.
From the ξ–Psat curve shown in Fig. 5 we know that ξ will increase
to larger than 1 at around Psat=0.72 W. The amplification point
ξ=0 at Psat=0.1 W corresponds to the intersection of the gain and
loss occurring at the peak of the IDL loss curve shown in Fig. 4. This
point is also called a superstable point. Thus for Psat values in the
range of 0 to 0.72 W, stable steady state lasing occurs in the cavity. In-
deed, in the context of multi-wavelength lasing with inhomogeneous
gain, all channels satisfying the stable condition will lase stably.

3.2.2. Periodic solutions and operation
As already mentioned, the steady state solution at the intersection

point of the gain and loss curve will not be stable once ξ>1, which oc-
curs above Psat>0.72W for the parameters chosen here. Although the
steady-state solutions are unstable, the laser cavity will still lase, but
now with periodic output. To find the steady state solution, we use
the assumption that

PI
i;nþ1 ¼ PI

i;n; ð8Þ

in order to enforce a return to the steady-state branch after one round
trip, i.e. steady-state operation. In the notation used here, n is the itera-
tion step. Thus the solution returns after each round trip. But the laser
can also be stable if we can find solutions that satisfy:

PI
i;nþN ¼ PI

i;n; ð9Þ

where N is the total number of round trips (iterations) required to re-
turn to its periodic orbit. Thus the concept of stability must be modified
to account for this new mode of stability, i.e. periodic solutions.
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If we use the operator L̂ for the loss element and the operator Ĝ for
the gain element, then stable solutions can be achieved provided:

L̂Ĝ
h iN ¼ 1: ð10Þ

Note that with this definition, the steady state solution stability is
defined for N=1. Solutions with N>1 are periodic solutions of the
laser with period N as shown in Fig. 4(c).

To estimate the stability of the periodic solutions, we can use the
Lyapunov exponent [39,40] that is defined as:

λ x0ð Þ ¼ lim
n→∞

1
n
ln

dFn xð Þ
dx

����
����
x¼x0

: ð11Þ
0.0 0.2 0.4 0.6 0.8 1.0
0.0

0.5

1.0

1.5

Psat (W)

ξ

Fig. 5. Variation of the amplification factor ξ with Psat. An amplification factor greater
than unity implies instability of the steady-state solution.
A Lyapunov exponent is a key parameter that appears in chaotic
systems to estimate the divergence speed of the system with slight
differences in initial conditions. For stable solutions either steady
state or periodic, the Lyapunov exponent will be less than zero.
From Fig. 6, we can see the periodic solutions of the laser with differ-
ent Psat. The solutions number will increase from 1 to 2, 4, 8 … with
the increase of the saturation power Psat, i.e. a period doubling phe-
nomenon is observed. The solution count obeys the bifurcation rule
and doubles itself at every bifurcation point of Psat. We measured
Psat at the bifurcation points (Table 1) and found the intervals obey
the Feigenbaum series [42]. These bifurcation points correspond to
the points with zero Lyapunov exponents shown in Fig. 7. While the
Lyapunov exponents approach zero, the simulation converges to the
solutions very slowly. The bifurcation will go to an infinite number
of solutions when Psat approaches approximately 1.10644 W. Thus
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Table 1
The intervals of bifurcation.

2n Min Psat
2n ΔP ΔPsatn /ΔPsat2n

2 0.72209575
4 0.99795937 0.27586362
8 1.08060689 0.08264752 3.33783
16 1.10080656 0.02019967 4.09153
32 1.10522558 0.00441902 4.57108
64 1.10617702 0.00095144 4.64456
128 1.10638108 0.00020406 4.66245
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the cavity exhibits the standard period doubling route to chaos
[39,40].

We observe from Fig. 7 that the Lyapunov exponent between two
bifurcation points will go to negative infinity. Since the Lyapunov ex-
ponents indicate the speed of convergence of the solutions, these
points with large negative values are the superstable points for
which ξ=0. Such points, which correspond to both the steady-state
and periodic solutions branches, are found very quickly with the iter-
ation scheme proposed here. Further, these points indicate the key
transition regions in the period doubling route to chaos.

3.2.3. Chaotic laser operation
As the saturation power Psat moves towards the point where an in-

finite number of solutions are present, i.e. when Psat approaches ap-
proximately 1.10644 W, the laser dynamics will become chaotic and
the laser output will be very unpredictable as shown in Fig. 4(d).
The onset of chaos is more clearly observed in Fig. 6. Indeed, the stan-
dard period doubling route to chaos typically displayed in the logistic
equation is clearly observed [39,40]. And just as with the logistic
equation, periodic solutions can still be obtained within some special
intervals. We note that within the interval of 1.46 WbPsat b1.5 W, the
laser will have a period 3 solution which is the evidence of a chaotic
system [43]. Moreover, a chaotic system will have positive Lyapunov
exponent. From Fig. 7 we can see that the Lyapunov exponent will be
negative when the laser has steady state or periodic solutions. When
the laser goes to the chaotic state, the Lyapunov exponent will be-
come positive as expected.

Another parameter used to estimate a chaotic system is the correla-
tion dimension. A system that has a stable steady state or stable periodic
solution will have a zero correlation dimension. A chaotic system will
display a nontrivial dimensionality. Thus themeasure of the correlation
dimensionwill differentiate the chaotic regions in the laser system from
the stable and periodic regions. Fig. 8(a) shows the correlation dimen-
sion of the laser system computed using the Grassberger–Procaccia
(G–P) method [44]. The correlation dimension of laser system with
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Fig. 7. Lyapunov exponent of laser with saturable gain and saturable transmitter with
Gaussian transmittance.
stable solutions will always be zero as shown in Fig. 8(b). The dimen-
sion of the systems approaches unitywhen the systembecomes chaotic.
Thus all states in the systemare attracted to a fixed curve on the Pout–Pin
map and all operating power points will be located on this curve. Com-
paring Fig. 8 to Fig. 7 shows that the states with non-zero correlation di-
mensions are also the states with positive Lyapunov exponent as
expected once the system becomes chaotic.
3.3. Nonlinear loss with periodic transmittance

For the periodic IDL curve represented in Eq. (6), and shown in Fig. 2
(solid line), we found that the system will behave similarly to the laser
cavity with Gaussian saturable transmitter if the working points of the
laser do not approach the second period of the periodic loss curve. In
this regime, the system will also experience steady state, periodic and
chaotic solutions states when the saturating power Psat increases. This
is not a surprising result given that the loss of Eq. (6) can be very similar
to the Gaussian loss in the first period as shown in Fig. 2. However,
when Psat becomes sufficiently large, the transmittance of Gaussian
loss approaches zero but that of periodic loss passes a minimum value
and then increases again in the next period of the loss curve. Conse-
quently, if Psat is large enough, theworking points of the laserwill locate
on the second or even higher period of the periodic loss curve which
lead to higher output power after the gain element. Fig. 9 shows such
power jumps in the solutions as Psat increases. In Fig. 9(a), the power
after the gain element experiences steady state, periodic and chaotic so-
lutions when Psat increases in the first period of the periodic loss curve
which is similar to that of Gaussian loss shown in Fig. 6. However,



0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15

20

25

period 3

period 2

P
g ou

t (
W

)

P
sat

 (W)

period 1

a) T
min

 = 0

0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15

20

25

period 3

period 2

P
g ou

t (
W

)

P
sat

 (W)

period 1

b) T
min

 = 0.1

0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15

20

25

period 3

period 2

P
g ou

t (
W

)

P
sat

 (W)

period 1

c) T
min

 = 0.2

0.0 0.2 0.4 0.6 0.8 1.0
0

5

10

15

20

25

period 3

period 2
P

g ou
t (

W
)

P
sat

 (W)

period 1

d) T
min

 = 0.5

Fig. 9. Bifurcation diagrams of Poutg versus Psat for periodic loss for Tmin equals (a) 0, (b) 0.1, (c) 0.2, and (d) 0.5.

2150 F. Li et al. / Optics Communications 285 (2012) 2144–2153
when Psat=0.65W, we observed that the chaotic solutions jump to
chaotic solutions at higher powers. The working points of the laser
now can locate in the second period of the periodic loss curve. If Psat in-
creases further, the chaotic solution will experience another jump in
power corresponding to the laser operating in the third period of the
loss periodic loss curve. The details of the jumps in the solutions depend
on the parameters chosen for the periodic loss. With proper choice of
parameters of the IDL, the bifurcation and chaotic solutions can be
avoided in the lower order periods of the periodic loss curve. In
Fig. 9(a)–(d), we varied the minimum transmittance Tmin=a−b from
0 to 0.5 but fixed the maximum transmittance Tmax=a+b=0.9,
γ=1.0 W−1, and φ=0 in the simulations. For Tmin=0.1 (Fig. 9(b)),
we observed that the solutions remain in steady state in the first period
of the loss curve and jump to chaotic solutions in the second period of
the loss curve at Psat=0.638W. For Tmin=0.2 (Fig. 9(c)), the solutions
are in steady state in the first period of the loss curve and jump to a
period-3 periodic solution in the second period of the loss curve at
Psat=0.504W. The solutions becomes chaotic at Psat=0.546W. For
Tmin=0.5 (Fig. 9(d)), the solutions remain in steady state during the
first and second period of the loss curve and jump to a period-2 periodic
solution in the third period of the loss curve.

Another important parameter of the periodic loss is the phase shift
of the periodic cosine function which does not appear in the Gaussian
loss. In the following we varied the phase shift to study the variation
of the solutions. We assume a=b=0.45, and γ=1.0 W−1. The pa-
rameter φ in Eq. (6) is varied from 0 to 180° to simulate the system
with periodic nonlinear loss starting at different offset points.

Fig. 10 shows the variation of power after the gain element as a func-
tion of φ assuming different saturating powers Psat. From Fig. 10(a) we
can see that with low saturation power Psat=0.1 W, the laser will
reduce to a steady state solution with 0≤φb180°. With Psat=0.2W
in Fig. 10(b), the laser will evolve towards steady state lasing except
in the parameter regime forwhich 140°≤φb170°. The laser solution bi-
furcates in the region of 140°≤φb170° and the minimum bifurcation
point will shift to lower φ angles with further increase of the saturation
power Psat. In the parameter region where 173°bφb180°, the laser
jumps to a higher power steady solution because therewill be no steady
state solution on thefirst period of the loss curve. Thus the laser iswork-
ing on the second period of the transmittance curve. With further in-
crease of Psat, e.g. Psat=0.3 W which is shown in Fig. 10(c), bifurcation
and chaos are both observed by varying the parameter φ. The resulting
diagramhas similar topological structure to the diagram shown in Fig. 6.
In the parameter region where 168°bφb180°, the laser jumps to a
higher power periodic solution from the chaotic solution in the first pe-
riod of the loss curve. The results indicate thatwith different phases, the
bifurcation and chaos thresholds are significantly modified. Thus even
without a large saturation power Psat, chaos and bifurcation can be
obtained by varying the phase φ of the loss curve.

4. Dynamics with multi-wavelength coupling

Multi-wavelength laser operation is of special interest due to the
ever increasing needs of wavelength-division-multiplexed (WDM)
technologies. It is especially difficult to construct stable laser opera-
tion in the multi-wavelength regime given the dominant physical ef-
fects of homogenous gain broadening. Thus all channels share the
gain and mode competition will arise. Specifically, the gain is affected
by the total power of all channels in the homogeneous gain band-
width. In Refs. [35-37], we have discussed this type of lasers and
shown that with monotonic saturable transmitter, the laser will



0 30 60 90 120 150 180
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4
P

ou
t (

W
)

a) P
sat

 = 0.1 W

0 30 60 90 120 150 180
0

1

2

3

4

5

P
ou

t (
W

)

b) P
sat

 = 0.2 W

0 30 60 90 120 150 180
0

1

2

3

4

5

P
ou

t (
W

)

c) P
sat

 = 0.3 W

ϕ (deg)

ϕ (deg)

ϕ (deg)

Fig. 10. The power after loss element vs φ for Psat equals (a) 0.1, (b) 0.2, and (c) 0.3 W.

2151F. Li et al. / Optics Communications 285 (2012) 2144–2153
generate stable multiwavelength output. We have also discussed the
laser under the influence of a periodic intensity dependent loss as in
Eq. (6). However, the focus in this previous work was on finding sta-
ble output regions. Such stable output regions are limited to low sat-
uration power. Here we will discuss the multiwavelength laser with
the periodic intensity dependent loss of Eq. (6) and relatively large
saturation powers. This leads to highly complicated laser dynamics
and multi-dimensional chaos.

For multi-wavelength operation, the gain of Eq. (1) is now of the
homogenous form so that the saturation power is the sum of all the
wavelengths Ph=∑ iPi. The gain profile is assumed to be a Gaussian
function, i.e. fi=exp[−(λi−λc)2/Δ2], where λc is the center wave-
length and λi=λc−λR/2+ iδλ, and Δ is the bandwidth of the gain
profile. The parameter λR is the range of wavelengths considered
and δλ is the mode separation. In the simulations performed, λc is
chosen to be 1550 nm and Δ is 10 nm. The mode spacing is assumed
to be δλ=0.8 nm. The small signal gain at λc is 30 dB. And the loss el-
ement in Eq. (6) has a=b=0.45, and γ=1.0 W−1. With these pa-
rameters, we have shown in refs. [35-37] that the laser will have
stable multi-wavelength output. Moreover, the laser cavity can gen-
erate an ultra flat spectrum with the lasing channels working near
the peak of the output–input curve of the loss. We have also observed
in this previous work that the laser will even have lower power on
the center wavelength with largest gain than the adjacent channels
that have even lower gain when the working point passes the peak
of the loss curve. Such is a summary of the results in the low satura-
tion power regime.

4.1. Bifurcation analysis

One objective of this manuscript is to extend our previous studies
by increasing the laser cavity power and to characterize the resulting
cavity instability and dynamics. The cavity power can be increased via
the gain by raising the value of the small signal gain g0 or saturation
power Psat. Once the mode with the largest power is sufficiently am-
plified, the stability condition ξb1 will be violated. The laser will then
lead to periodic solutions similar to those shown in Section 3.2. Note
that the instability condition ξ>1 will only can be satisfied after the
working point passes the superstable point with ξ=0. As previously,
this is the first peak of the periodic loss curve. The implication of this
is that we can observe an ultra-flat spectrum output after the loss el-
ement and see the “inverted” top before the onset of periodic solu-
tions [35,37]. Fig. 11(a) demonstrates the output spectrum output
from the gain element while the working point has just pass the
first peak point of the loss curve.

According to the gain profile, periodic solutions will appear at the
modes with largest gain first. This is illustrated in Fig. 11(b). Similar
to the behavior shown in Section 3.3 with inhomogeneous gain, the
channels with larger gain will experience periodic bifurcation earlier
because they have higher power than their neighboring modes.
With the increase in Psat, the modes with the largest gain will begin
to experience the period doubling route to chaos. The modes with
smaller gain will also be forced to bifurcate due to the bifurcation of
total power even though they do not have enough power to trigger
the bifurcation themselves separately as shown in Fig. 11(c). This is
a consequence of the homogenous gain broadening and the shared
power among the modes. This can also be understood as the modes
with larger power shifting the gain curves and saturation powers cor-
responding to the modes with smaller gain. Thus their effective bifur-
cation diagram will be modified accordingly. The periodic solutions
show a discontinuity of the modal power as shown in Fig. 11(c).
The power separation of mode 4 is larger than the separation of
mode 3 and this is not in correspondence with the results shown in
Fig. 6. The high power branch of mode 4 and mode 3 do not appear
in the same round trips but alternately. This is due to the fact that
the power coupling in the homogeneous gain medium makes the
gain curves for different modes, and even for different iterations of
same modes, to be different.

4.2. Multidimensional chaos

Continued increase in the saturation power leads to solutions that
bifurcate from the periodic state (through period doubling) to chaos
as shown in Fig. 11(d). However, unlike the findings of the previous
section, the resulting laser system becomes a multidimensional cha-
otic system. Fig. 12 shows the bifurcation diagram of the total
power before the loss element as a function of different saturation
powers Psat. From Fig. 12, we can see that the bifurcation is not as reg-
ular as the inhomogeneous one shown in Fig. 6. The periodic solutions
of different wavelengths are now mixed together. Moreover, the sim-
ple bifurcation analysis of the last section showing that more
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solutions begin to exist with larger Psat, as obtained in Fig. 6, is not ex-
actly applicable here. This can be seen more clearly while we turn to
the bifurcation diagram of individual modes shown in Fig. 13. From
Fig. 13(a) we can see that the diagram is similar to the bifurcation di-
agram shown in Fig. 6 but different with respect to its details. The
branches of periodic solutions are not a continuous line like those
depicted in Fig. 6. Further, there are still large regions of periodic so-
lutions even after the onset point of chaos in some of the channels,
e.g., the periodic solutions shown in Fig. 11(c). As shown in Fig. 12,
the solution depicting all the multi-wavelength modes is changing
synchronization. Such behavior hints at a tremendously rich dynam-
ical behavior. Indeed, dynamical systems methods to quantify such
5 6 7 8 9
40

45

50

55

60

To
ta

o 
po

w
er

 (
W

)

Psat (W)
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behavior are scarcely known and employed in such higher dimen-
sional chaotic structures.
5. Conclusions

Intensity dependent loss in laser cavities is a key physical effect
that drives a variety of laser instabilities. Based on a very general
model of the interaction of saturable transmitter type IDL and saturat-
ing homogeneous gain in a laser cavity, simulations show that the
laser can experience steady state, periodic and chaotic states even in
single wavelength operation.

In particular, we showed that a laser with an ideal saturable trans-
mitter, for which a monotonic output versus input curve is assumed,
will always have stable steady state output. With either a Gaussian or
periodic loss assumed for the IDL, the stability of the steady-state las-
ing output will be compromised even in single wavelength operation.
The analysis shows that the amplification factor will be larger than
unity for sufficiently high input power, thus leading to instability of
the steady-state. Periodic solutions (Hopf bifurcations) followed by
a sequence of period doubling bifurcations to chaotic lasing will
occur in such systems. A Feigenbaum series, Lyapunov exponents
and the correlation dimension are used to characterize the system.
This is the first time these methods have been applied to such a
laser cavity driven by the iteration of IDL and saturating gain. These
results indicate the specific and characteristic instabilities that domi-
nate mode-locked laser cavities and single channel CW cavities.

In the context ofmulti-wavelength CW lasing, due to the coupling of
energy from the homogenous gain, after the first bifurcation point, all
the channels will experience periodic or chaotic states simultaneously.
Unlike the single channel system, the periodic states and chaotic states
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do not have clear boundary on the saturation power. Indeed, this
higher-dimensional chaos is significantly more complex than the single
frequency or mode-locking scenario.

From an engineering standpoint, the criteria developed here for
the onset of instability are critical in practical engineering design.
Specifically, the analysis demonstrates how the instability region
can be explicitly computed as a function of a given IDL curve. Thus
the engineering of the IDL curve becomes critical for pushing the
instabilities to higher power levels. This allows higher power levels
of steady-state solutions to be exhibited without inducing the chaotic
cavity behavior.
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